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A Method of Stability Analysis of Cylindrical Shells
under Biaxial Compression

MICHAE ZYCZKOWSKI* AND STEFAN BUCKO f
Politechnika Krakowska, Krakow, Poland

The paper applies the method of generalized power series to the analysis of stability of cir-
cular cylindrical shells under combined radial pressure and axial force. The numbers of half-
wavelengths appearing in original formulas are eliminated using the condition of minimum
loading, and effective formulas are derived, expressing the critical loadings in terms of ma-
terial constants and the geometry of the shell only. Hydrostatic pressure is analyzed as a
particular case. Inversion of series makes it possible to obtain direct formulas for the neces-
sary wall thickness if the loadings are given. Separation lines between moderate-length and
long shells and between the ranges of elastic and inelastic buckling are discussed in detail.
The proposed procedure may be applied to other types of loading as well.

Nomenclature

E = Young's modulus
P = axial force (compressive), referred to unit length of the

perimeter
R = mean radius of the shell
S = intensity of loading
U = ra2, number of circumferential half-wavelengths squared
V = n2, number of axial half-wavelengths squared
V = value of V corresponding to one axial half-wavelength
h = thickness of the shell
I = length of the shell
m = number of circumferential half-wavelengths at the length

of half-perimeter
n = number of axial half-wavelengths at the length of half-

perimeter
p = radial external pressure
q = dimensionless intensity of loading
a = parameter determining the contribution of individual

loadings
X = "transversal slenderness" of the shell, proportional to

R/h
v = Poisson's ratio
ap = proportional limit of the material at uniaxial compression

1. Introduction

THERE exists an extensive literature concerning the inter-
action of critical loadings for circular cylindrical shells.

The equations of the type

f(pi,gi,d,m,ri) = 0 (1)
(where pi denote individual loadings, Qi dimensions (geometry)
of the shell, d material constants, m and n number of half-
wavelengths at the length of half-perimeter in circumferential
and axial directions, respectively), obtained directly from the
theoretical analysis, are ineffective unless m and n are elimi-
nated from the condition of minimal intensity of critical load-
ings. Papkovitch,13 Windenburg and Trilling,16 and Ebner4

proposed to apply here (in some simple cases of loading) the
analytical conditions of minimum; they solved the corre-
sponding equations with respect to m and n approximately
and substituted into the original equations, thus obtaining
effective formulas. The accuracy of these formulas is rather
poor and the range of application limited to very thin shells.
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Some authors, for example Fliigge5 and Batdorf,1 presented
several diagrams based on numerical calculations. In the
problems of combined loadings, the difficulties connected
with the elimination of m and n increase. Various approxi-
mations have been here proposed: let us mention the papers
on combined axial and radial pressure by Hsu, Crate, and
Schwartz,11 Mushtari and Sachenkov,12 Klein,9 Immerman,8

Terebushko,15 Sharman,14 Laksmikantham and Gerard,10 and
Horton and Durham.7

The principal difficulties are connected with the solution of
the obtained analytical conditions of minimum with respect
to m and n. The present authors proposed to apply here the
expansions into generalized power series, namely in the case of
radial pressure19 and in the case of axial pressure.2 This
method led to relatively simple final formulas with improved
accuracy; the formulas for necessary thickness of the wall
were obtained as well. The curves separating the ranges of
moderate-length and of elastic-plastic buckling were also de-
termined.

The present paper is concerned with the application of
generalized power series to the analysis of stability of circular
cylindrical shells under simultaneous radial and axial pres-
sure (Fig. 1). Hydrostatic pressure is obtained as a particular
case. The convergency of the series is getting worse with in-
creasing axial pressure, and the solution is practically valid
for this pressure being not too large. The interaction curves,
however, are drawn for the whole of the range, making use of
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Fig. 1 Combined loading of the shell.
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the solution obtained by Bucko,2 for the case of pure axial
loading.

2. Basic Equations

Our analysis will be based on the formula given for the con-
sidered case of simultaneous radial and axial compression of
circular cylindrical shell by Girkmann.6 This formula, de-
termining upper critical pressure for the shell, will be written
in the form

Pcrn2[(m2 + n2)2 + (2 - *>)n2 + m2] +
pCTR(m2 + n2)2(m2 - 1) = Ehn* +
{MY[12(1 - z/0#2]} [(m2 + n2)2 X

(m2 + n2 - I)2 + 2(1 - ?)(n4 - m4)n2] (2)

where Pcr and pCT denote the system of critical loadings (axial
force and radial pressure, respectively), E and v material
constants, R and h mean radius and thickness of the shelL
Of course, other formulas of the type (2) may be used as basic
formulas for the analysis as well; the method is quite general.

' We introduce now the critical loading intensity S by the
formulas

pcr = S cosa Per = SR sina (3)

where

a = arctan (Pcr/pcrR) (4)

is a dimensionless parameter characterizing the ratio of ex-
ternal loadings (axial force to radial pressure). Introduce,
furthermore, the following dimensionless quantities, similarly
as in Ref s. 2, 19, and 20:

q = {[12(1 - pz)R*]/Eh*}S (5)

which is the dimensionless intensity of critical loadings, and

X = [12(1 - v*)]U*(R/h) (6)

which is the dimensionless "transversal slenderness," and re-
write (2) in the form

72X2 + (U + 7)2(t7 + 7 - I)2 +

V[(U + 7)2 + (2 - v)V + 17] sina +
(U + 7)2(£7 - 1) cosa

(7)

where U = m2, V = n2. The definition of X, (6), resembles
that of the slenderness of a column with rectangular cross
section.

The third term in the numerator is usually very small with
respect to the remaining terms and will be neglected without
lack of accuracy.

At first we are going to eliminate from this formula the
numbers of half-wavelengths, i.e., U and V. They should
be chosen in such a way as to assure minimal critical load in-
tensity q. It turns out that the derivative dg/dF > 0 (for
each loading acting separately, this was stated in Refs. 2 and
19), and we have to assume the minimal value of V. It cor-
responds to one axial half-wave at the length I of the shell
(greater number of half-waves at pure axial compression js
observed just at finite deflections) and will be denoted by V:

V = V = 7T2(#//)2 (8)
The value of U is found from the analytical condition of mini-
mum:

= 0 (9)
Actually U has to be an integer squared, but the assumption
(9) causes small errors increasing the safety and leads to
uniform results, namely to one formula for the entire range.

3. Determination of Critical Load Intensity for
Moderate-Length Shells

Performing the differentiation (9), we arrive at the equation

2[2(U + 7)3 - 3(C7 + 7)2 +
(U+ 7)]{7[(t/ + 7)2 +

(2 - V)V + U] sina + (U + V)2(U - 1) cosa} -
[72X2 + (U + 7)4 - 2(U + 7)3 +

(U + 7)2]{ [2V(U + 7) + V] sina +
(17 + 7) (3/7 + V - 2) cosa} = 0 (10)

This is an algebraic equation of the sixth degree with respect
to U. To solve it, we use generalized power series of the
parameter X (transversal slenderness); assume, namely, the
solution in the form

(11)

it turns out that the constants are equal to /z = J, ^ = — J .
Because of negative value of the constant \f/ in this series, it
will be rapidly convergent for very thin shells, since X for
such shells is very large. Substituting (11) into (10) and
using the method of equal coefficients,17-18 we arrive finally at

U = (372)1/4X1/2 + 1-27-7 tana

1472 + 107 + 5 - (14072 + 347) tana - 4272 tan2a
36 (372) 1/4 X

X~1/2 + . . . (12)

This series, as well as the following ones, may be used only
in a certain interval of the parameter a. For a = ir/2 (pcr =
0, pure axial compression), this series is without any sense,
since tana: = a > ; as a matter of fact, the corresponding series
derived in Ref. 2 for the case of pure compression is of a some-
what different form. But even for a close to Tr/2, the series is
divergent. Thus we confine ourselves to the shells loaded by
high radial pressure and relatively small axial force; the
interval tana < 3 seems to deliver reasonable limitation.
In any case, the hydrostatic pressure will clearly lie inside
the limits of applicability of the obtained formulas. These
formulas may be regarded as a generalization of those de-
rived in Ref. 18 for pure radial pressure.

Substituting U determined by (12) into formula (7), we
obtain the final formula for the critical intensity:

gmin = (3 cosa)-1{4(372)1/4X1/2 + [2(27 - 1) -
47 tana] + ([1 + 27 + 1072 - (147 + 2072) tana +

1072 tan2a]/3(372)1/4) X~1 /2 + . . .} (13)

Making use of (3), we may determine now both critical
pressures in terms of the parameter a: critical radial pres-
sure is

pcr = {E [12(1 - J/2)]1/2/3}{4(372)1/4X-5/2 +
[2(27 - 1) - 47 tana]X~3 + ([1 + 27 + 1072 -

(147 + 2072) tana + 1072 tan2a]/3(372)1/4) X~7 /2 + ' . . . }
(14)

and critical axial loading is

Pcr = {#[12(1 - *>2)]1/2/3} tana{4(372)1/4X-5/2 -f
[2(27 - 1) - 47 tana]X-3 + ([1 + 27 + 1072 -

(147 + 2072) tana + 1072 tan2a]/3(372)1/4) X~7 / 2 + • • • }
(15)

Substituting here a = 0, we obtain for pc* the formula de-
rived in Ref. 19 and Pcr = 0. For the important case ol
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hydrostatic pressure acting on a closed cylinder, we have

pOT = Pcr.R/2 tana = \ (16)

2 — 57+ —-— +6
10 _ 147 - 1337* _1/2 ,

/2 + 2(7

2 - 107 + 572
 /2

6(372)1/4 (18)

Equations (14) and (15) may be treated as parametrical
equations of the interaction curve for the considered case of
stability under combined loadings. For certain engineering
applications, it may be important to obtain such an equation
in explicit form. This equation might be obtained using
directly the formulas derived in Ref. 18 for deparametriza-
tion of two generalized power series or subsequently per-
forming the inversion of (15) and substitution into (14).
It turns out, however, that the series (15) in its present form
cannot be inverted with respect to tana: we obtain the
same powers of X in all terms of the series. At first we have
to introduce a new loading parameter, namely,

Per = (Pcr/##)X5/2 (19)

thus confining to smaller values of Pcr. Then the series may
be inverted with respect to tana: and substituted into (14);
finally,

#[12(1 - — (372)1/4X~5/2

o

2(2772)1/4(1 - v*.
1 + 27 + 1072 3(372)1/4 + 14 + 207 ^

;———— -t cr —9(372)1

67 - 5
96(1 - *>2)(2772)1/4

18(1 -

P e r 2 A ~ 7 / 2 +V2] X-"2 + . . . j (20)

4. Long Shells

The number of circumferential half-wavelengths is deter-
mined by (12) if U = m2 > 4. For longer shells, we have to
assume that {7 = 4, since this value corresponds to the mini-
mal really possible number of half-wavelengths (excluding
buckling of Euler's type, m = 1). Such shells will be called
long shells, similarly as in Ref. 19. Substituting £7 = 4
and 7 = 7 into (7) , we obtain finally

_
Per —

v/
A

72X2 + (4 + 7)2(3
F[(4 + 7)2 + (2 - p)V + 4] tana + 3(4 + 7)2

_ Eg[12(1 - v2)]1/2

- X3 x

_______72X2 + (4 + F)2(3 + 7)2______
F[(4 + 7)2 + (2 - p)V + 4] tana + 3(4 + 7)2

(21)

tana

(22)

Elimination of a leads here to the explicit equation of the
interaction curve:

Per =
#[12(1 - 72X2 + (4 + 7)2(3 + 7)2

3(4 + 7)2

2 + (2 - v}
3(4

4] Pcr- (23)

Fig. 2 Interaction curves in the plane axial force; radial
pressure.

Hence we have arrived here at a segment of a straight line in
the Pcr-Pcr plane.

The interaction curves (2) and (23) are shown in Fig. 2
for X = 300.

5. Direct Design of Shells with Respect to
Their Stability

The derived formulas determine critical loadings in terms
of the given geometry of the shell. In the present section, we
invert the series as to obtain direct formulas for the required
shell thickness h in terms of the loadings pci and Pcr (which
should be equal to the actual loadings multiplied by a suit-
able safety factor) and of the dimensions R and I. Such
formulas are particularly convenient in engineering applica-
tions.

The inversion of the series (14) with respect to X yields for
moderate-length shells

h r?29(l - v2)
R I 472

qi/i, /px." [9(1 -"2)T /5
yJ (~E) "I 167* J x

27-1-27 tana /PcrV/5 fl -

17 - 1287 + 872 + (2487 - 1672) tana + 872 tan2a
2007

X

4/5
(24)

Assuming, for example, tana = J, we obtain for a shell under
hydrostatic pressure

h F79Qf1 _ ltS\3~~\lllO //n \2 /5f t __ i*V\± V ) I Per \ _

B " ~ L 472 J \EJ
P9(l - X2)T/5 7-1 /PcrV'5 [1 - V

L 1674 J 5 \EJ + L 4874

17 - 47 + 272 /pcr\4

(B)

_ ,,2-11/10

2007
. . . (25)

Consider now long shells; the required ratio h/R may be
here determined by a closed-form formula. At first we write
(21) in the form

W+ 12(1- ^ - 12(1 - ,2) X
(4 + 7)2(3 +

F[(4 + F)2 + (2 - i>)f + 4] tana + 3(4 + f)2 p« = Q

(4 + 7)2(3 + f)2 E

(26)
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MODERATE-LENGTH SHELLS,
ELASTIC BUCKLING

\ \

MODERATE-LENGTH SHELLS
ELASTIC-PLASTIC BUCKLING

»-tga =

__ _
—~~--r-__— +-1 g a = I /2

^

32.8 100 200 300

Fig. 3 Limit curves in the plane transversal slenderness;
length of the shell.

This cubic equation with respect to h/R is already in its
canonical form. The discriminant is here positive; hence

A = IE2. P? , P^ PSL
R l 2 # + | _ 4 # 2

2" ¥ "F
™(27)

where

12(1 - v*
(4 + f)2(3 + 72)

7[(4 + f)2 + (2 - v)V + 4] tana + 3(4 + 7)2

(28a)

(4 + 7)2(3 X

12(1 - v2) (28b)

6. Separation Line between Long Shells and
Moderate-Length Shells

Substituting U = 4 into Eq. (10), we determine the separa-
tion line (in the plane F-X) between long shells and moderate-
length shells. Using generalized power series to solve this
equation (of the sixth degree) with respect to the boundary
value Vbj we arrive finally at

468 + 483 tana

This formula enables us to determine the boundary length of
the shell of given dimensions. For V < Vb, i.e., I > lb, we
have to assume [7 = 4; it means that the shell must be con-
sidered as a long one. The dependence of Vb on a (ratio of
loadings) is rather insignificant. The line (29) is shown in
Fig. 3.

In the problem of direct design of shells, the formula (29)
is inapplicable, since the transversal slenderness X is not
known. Eliminating X with the aid of (21), namely, looking
for the solution of (21) with respect to X in the form of a

generalized power series, we find here

(P°*\I3
\EJ

sni/T
I I708

35[3(1 - v2)
i4f3Cl —1 r

i 45
1712 + 322 tana
7 [3(1 - v2)]1'

Even here the dependence of Vt on a is insignificant.

(30)

7. Limitation of the Derived Formulas with
Respect to the Assumption of Elastic Buckling

All of the derived formulas are valid only for elastic buck-
ling of the shell. The problem of inelastic buckling was
treated in a similar way by Bucko3 but with the restriction to
pure radial pressure.

Here we are going to determine only the range of validity of
our present considerations. The shell is subject to plane
stress, determined by principal stresses ai and cr2, where

(72 = PcM/k

(axial stress)

(circumferential stress)
(31)

Using the Huber-Mises-Hencky strength theory, we write
down the condition of elastic range in the form

(7l2 + ^22 - (7K72 ^ VP
2 (32)

crp being the proportional limit of the material at uniaxial
compression. Substituting (31), we arrive at

/PcrV (pcrR

\ k ) \ k
(33)

We have now to consider moderate-length shells and long
shells separately.

7.1. Moderate-Length Shells

To determine the boundary slenderness X, we substitute
(14) and (15) into (33). Denote this boundary slenderness
by X&, and replace the sign of inequality by the sign of
equality. Performing the operations on power series and in-
verting (33) with respect to X = X&, we obtain finally

r25672(l + tana + tan2a)2

Xb = L———————27———————

- l -2 f tan.) X

fr

f

For X ^ Xb, we have elastic buckling, and the derived formu-
las are valid.

In the problem of direct design of shells, we have to elimi-
nate the unknown here quantity X. Substituting (34) into
(14) , we eliminate X and/ obtain

5/3

(1 - 2V - 1 - 2V tana
1 + tana + tan2a (!)' (35)

The buckling of the shell is elastic for pc*/E less than the
boundary value (35).

7.2. Long Shells

For long shells, we obtain the formulas in a closed form.
Substituting (21) and (22) and solving with respect to X, we
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arrive at
A6 = (4 + 7) (3 + f)(l 4- tana + tan2*)1/4 X

[{f[(4 + 7)2 + (2 - v)V + 4] tana +
3(4 + VY\ (<rP/E) - F2(l + tana + tan2*)1'2]"1'2 (36)
Boundary value of the critical radial pressure pcr may be

obtained by the substitution of (36) into (21) :

(pCT/E)b = [{7[(4 + F)2 + (2 - iO? + 4] tana +
3(4 + V)z}(ap/E) - F2(l + tana + tan2a)1/2]1/2 X

[12(1 - *2)]1/2(<n>/^)(4 + 7)-K3 + TO^U- + tana +
1/4 (37)

Similarly, we can derive the formula for the boundary value of
the critical intensity of loadings, $&.

8. Summary of Results

The obtained regions of applicability of the derived formulas
are shown in Fig. 3 for o-p/E = 0.001, v = 0.3, with tana as a
parameter. The insignificant dependences on a are seen.
Similar diagrams may be obtained for the problem of direct
design of shells.

9. Final Remarks

The derived formulas solve the problem of elastic buckling
of a cylindrical shell under simultaneous radial pressure and
axial force. The parameter a, corresponding to the ratio of
pressures, is theoretically arbitrary, but practically must not
be too high to assure the convergence of the series. The re-
gion tana « oo (small radial pressure superposed on axial
force) must be treated separately.

The paper is based on the linear theory of shell buckling;
thus, it refers to the upper critical pressure. However, in the
considered range of loadings, the differences with respect to
the lower critical pressure, determined by the nonlinear
theory, are not very large, and for most applications this
fact may be taken into account by means of a suitably
chosen safety factor.
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